Getting Ready to Teach Unit 3

Learning Path in the Common Core Standards

in Grade 4, students connacted fractions with addition and
multiplication: 3 = 1 ++ 1 + 1 = 3 x L In this unit, students connect

fractions with division: 5 + 3 = 55«

Students use their understanding of multiplication by a fraction to
generalize a formula for the product of two fractions, They connect
their understanding of division as erjual sharing to fractions.

Visual models and real world situations are used throughout the unit
1o illustrate important fraction concepts.

Help Students Avoid Common Errors

Math Expressions gives students opportunities to analyze and correct
errors, explaining why the reaseoning was flawed.

in this unit, we use Puzzied Penguin to show typical errors that
students make, Students enjoy teaching Puzzled Penguin the
correct way, and explaining why this way is correct and why the
error is wrong. The following common errors are presenied to
students as jetters from Puzzled Penguin and as problems in
the Teacher Edition that were soived incorrectly by Puzzled

Penguin:

» Lesson 5: Simplifying a product by dividing the
denominators of both factors by the same number

i

¢ Lesson 8: Adding numerators and adding
denominators to find a fraction sum

> Lesson 12: Finding § of a quantity by dividing it by

in addition to Puzzled Penguin, there are other suggestions
fisted in the Teacher Edition to help you watch for situations that
may lead to common errors. As a part of the Unit Test Teacher Edition ..
pages, you will find a common efror and prescription listed for each -

*testitern,

| math Expressions

17 understanding of these terms

e ::\IQCABULAR‘{

As you teach this unit; :ejmp.hagt

s unsimplify. .-
rnesplit

See the Teacher Glossary

Lesson 6: Multiplying mixed numbers by multiplying
whole number parts and fraction parts separately




i Lessons

Multiply a Whole
Number by a Fraction

Meaning of Multiplication Students begin by multiplying a whole
number by a fraction, In Grade 4, students interpreted muitiplication
of a fraction by a whole number as repeated addition.

Ze2ilidabat]
3 2=242ui=f=1]

In Grade 5, they interpret multiplication of a whole number by a
fraction as finding that fraction of the whole number.

Multiplying by a Unit Fraction In Lesson 1, students explore cases in
which the product of a unit fraction and a whole number is a whole
number. They relate multiplication by a fraction to the egual groups
meaning of multiplication,

3 Markers come m boxes of 6 Alta has 3 boxes

B i
= 3 groupsof 6

.- Lgroup of 6 .

Because % is 1 of 3 equal parts, finding % - 6, or % of 6, requires
dividing & into 3 equal parts.
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Multiplicative Comparisons In Lesson 1, students also solve
multiplicative comparison problems, representing a comparison with
comparison bars and with multiplication and division equations. They
see that if a quantity b is n times a guantity a, then a is } times b. For
example, 6 is 3 times 2, s0 2 is ; times 6,

To _p_fepare for a fam ly gatheﬂng Sara and Ryan made soup

:.'.Ryan made 3 tlmes as many Ryan (r)
iiquarts as Sara o

Sarah (s)

Multiplying by a Non-Unit Fraction In Lesson 2, students explore
multiplication of a whole number by a non-unit fraction in cases
where the product is a whole number. They see that § - n is the same
asa (b - n). For example 2. 24 =3 (1 24), In other words, to find
i 2 of 24, calculate | jof 24 and multiply the result by 3.

Multiplication by & Unit Fraction
With their new understanding of
the connection between fractions
and division, students now see that
2is one third of 5, which leads to
the meaning of multiplication by a
unit fraction:

-
3% 53

This in turn extends to
multiplication of any quantity

by a fraction. Just as { x 5 is one
part when 5 is partitioned into 3
parts, so ' X Sis 4 parts when S is
;}artltloned into 3 parts.

S'ilséér“(:éty is 24 miles, awayGus 'hés’ d'riv'en' Lot Sus

;;2 How many mtles has Emma drwen? 18 mi;

3 How many times as far as Gus has Emma
| amenv o 3times as far - o

< Emma:




Fractional Products Lasson 3 extends students’ understanding of
multiplication of a whole number by a fraction to cases where the
product is a fraction. As shown below, a real world situation is used
to demonstrate that we can find a unit fraction of a whole number
by finding that fraction of each 1 whole and then adding the results,

- 3 acres::
=1 acre 41 acre + 1acre
: divided verticalsy into:3 acres: The dashed :
her zontai segmehts. divide the land into flve
' parts, The shaded strip is the of the iand

Fdrmef Diaz piowad SR

gy

T L T [
=gtk dEged
4 ] 1
=gtots
s .
5.

So o‘f t.he 3 acres 15 acre

Number lines are used to extend this idea to non-unit fractions: To
find a fraction of a whole number, find that fraction of each 1 whole
and add.




i Lessons

Multiply a Fraction by
a Fraction

Fraction-Bar Model Lesson 4 uses a fraction-bar model and an area
model 1o illustrate multiplying two fractions. Both models help
students understand why the product of two fractions Is the product
of the numerators over the product of the denominators.

To model 3 ‘ 3-, ors 2 f" first circle four of the fifths on the fifths bar

To find the product We must find £ 5 of each of the circled fifths.

Fr Ly 4 s |
5 5 E 5 8 ‘
L - 0 — - o
€ o i b oo
Divide sach fifth into thirds, which divides the whole bar into fifteenths
Do ST e e Multiplying Two Fractions Using :
T ¢ TR 1 2 34 - . "
TR 3 E g £ z this understan?;ng cfyr i
S Y Y A " — multiplication by a fraction,
'Fiﬂhsﬂ: ISHE S I B i P Y
 ————— OO — students develop the general
sz 340 5.6 0 7 BT 20 10011 1213 147 15
1§ 75 15 35 .75 35 15 18 35 f5 35 15 5. 15 1515 formula for the product of two
e . e : fractions,
ERVN
Circle £ of each of the circled fifths, Each of these circled groups is b d bd
2 fifteenths of the whole bar. | forwhole numbers 3, b, ¢, d, with
s e ——— 1 b, d not zero, Grade 5 students
1 - s Ty - 4 5 nead not express the formula in
2 D TR L : 5': | 4 this general algebraic form, byt
. K ) - K j : r: 1 ) » H 3 I rather reason out many examples i
G e St S s . . . ;
30405 6 7 879 A0 1112 13 14 .15 using fraction strips and number :
1575 1515 15 15. 15 15..95 .15 1515 15 1 line diagrams. ;
L L ) 5.
We have circled 4 groups of 2 fifteenths or . 502+ § = & The
o pmdur_t is the product of the numerators o\ter tha preduct of the

iy denomlnators

.Reiatmg the Nlodei to the Formula The pattem shown in the bar -




Area Model The productgﬂ . ‘5’ can also be modeled as the area of a

rectangfe with side lengths § and §. To draw such a rectangle, start
with a unit square,

Divide the square vertically into Bivide the square horizontally

fifths. Shade 2. into thirds, and shade 2,
4
5
—"— . :
Using an Area Model For more
2 complicated examples, an area
g 3 model is useful, in which students
work with a rectangle that has
fractional side lengths, dividing it
J up into rectangles whose sides are
h - g 3 4_ 8 the corresponding unit fractions.
! 55T AN
The area where the shading overlaps is a Z-unit by 2-unit rectangle, It
is made up of 8 small rectangles, each of which represents {g square
unit, 50 % . -g = ,8—5.

Relating the Model to the Formula The pattern shown in the area
model for 2 -  can be generalized to any product £ - §
» To find the denominator: The unit square is divided into b parts
one way and d parts the other way. There are b + o equal parts in

the whole unit square.
a

2
» To find the numerator: a parts are shaded one way and ¢ parts
the other way, 50 a « ¢ parts are in the double-shaded «g by §

R . H i
3 5Td b « o is the new denominator.

rectangle.
a,c-—8- S :
i tg @ cisthe new numerator.

“simplifying-—that is, dividing numerators and denominators by~
" cammon factors—before multiplying. For example, students can

- e e e



. i Lessons
Operations with Fractions

and Whole Numbers

Relating Operations Students relate multiplication with fractions
to other fraction operations, and they relate multiplication with
fractions to multiptication with whale numbers.

¥ [f we start with a fraction and add another fraction, the result
is always greater than the original fraction. If we start with a
fraction and multiply by a fraction, the result is always less than
tha original fraction,

/—Take 3 of the who|

iy

e I

Then take of each flfth

» When we multiply two whole numbers greater than 1, the result

is always greater than either number, When we multiply two

fractions less than 1, the resuit is always less than either fraction.

3-4=12 i2>3and12>4

1,44 A1 A 4
35 15 s <gand g <3

¥ To add and subtract fractions, we need to find a common

denominator. To multiply fractions, a common denominator is
not needed,

in Lessons 7 and 8, students solve real world problems like the
foliowing, in which they need tc determine which operation is
required.

erte an. equataon Then solve Sl ' :
. Equations may vary. P0551b|e equatnons are given.

“""212,1 cups. :;_:':"

39. Damel puts some wheat flour into an empty bowi Then he

....... 1
8
of the sugar in-a recupe How much sugar does shé. use?

x_;w-S -cup

31 Manuela has a bag contalmng 5— cups of sugar She uses1°




Properties of Multiplication Students learn that the Commutative
and Associative Properties of Multiplication and the Distributive
Property of Multiplication over Addition are true for fractions. For
the Commutative and Associative Properties, they explain the steps in
algebraic proofs of the properties.

Commutative Property of Multipficaion

zﬁ"-_d'__:j_—' db d_;b
SR Step 1 - 3_ Step 2 Step 3
: -_’I? Explam why each step is true

L Step .......

muitipiy:ng Whaie numbers is commutatwe_

o SStep 2 _
generai formula for fraction muitsphcatlon C

- ”Stepa

)“‘(’Z& "?'

- book. at the proof of the Assocuatlve Property below

--,,,_,.;;(;9-.-5 la, e sl _@eg-e aii, gz(gg_E).é_”
T e I b d- b {a-f {brdisf ~badif b di f

Step 1 Step 2 Stepd Step 4. Step 5

.' 18 Explam why each step is true.
“Step 1 general formula for fraction multlphcatlon -

' :.5-3-Stép z-generai formula for {ractton multaphcatlon :

= fStep 3 multlpiymg whote numbers is assocaatwe

- ;';_-Step4 general formula for fraction muttlphcation B

. ;:Step 5 generai formula for fractton multiphcatton';-




Multiplication
as Scaling

Predicting Products At various times throughout the unit, students

are asked to predict how a product will compare to one of the factors.
This idea is the focus of Lesson 9. Students predict the size of a product
relative to the size of one factor based on the size of the other factor,

Predsct hether tha product w:il be greater than Iess than, SR

Pred;ct x.3_ .
i __5:_ Lo - _LL
_Compute xw 10 Compute: x = .4 : Comppte..xw' id

Students make the following generalizations.

» Multiplying a number n by a factor less than 1 gives a product
less than n.

» Multiplying a number n by a factor equal to 1 gives a product
equal to n.

» Multiplying a number n by a factor greater than 1 gives a
product greater than n.

The second point above indicates that we can change a fraction 1o
an equivalent fraction by multiplying it by 1 in the form I This is
equivalent to multiplying both the numerator and denominator by n,
the method students learned in Unit 1, For example;

__3_-£

X
Predicting Solutions to Word Problems Students then solve
muitiplication word problems, like the one below, where they must.
_ predm‘ the size of the answer before computmg

N'W‘

- :‘_1_4 ounces

Multiplication as Scaling Previous
work with multiplication by whaole
numbers enables students to see
multiplication by numbers bigger
than 1 as producing a larger
quantity, as when a recipe is
doubled, for example. Grade §
work with muitiplying by unit
fractions, and interpreting fractions
in terms of division, enables
students to see that multiplying

a quantity by a number smaller
than 1 produces a smaller quantity,
as when the budget of a large
state university is multiplied by %,
for example.




 Cases of Bivision Students learm three cases of division with fractions

inGrade’s,
¥ Dividing @ whols number by.a whole number in cases wherny the
rfeg_u_k isa fraction
r Dividing 2 whole nursber by a unit fraction
* Dividing 3 unit fraction by a wivaly aumber
Divide a Whole Number by a Whole Number - A real worls situation

& pwﬁvﬁmd 10 i‘m D sﬁzuamtg uinckarstand that for any two whoiu

numbers o and b that ore grémer than or cqualta L, g + b =4+ % e g,

Fractions and Division inGrade 5,
they connct fractions vith
d{ﬂhm& understaruding m;,z:- 5o
4‘:1:, moie gevasly, F= 9
Ty fm whale numbors s w’ad .
wiithh Byt e 16 povo. They oan

“explain s by working with their

understanding of dwison as eotat
shwring.

| .'_The ¥ are '4 peop?e in !he ‘Ia?atfcn famtiy, i:mt *there are z:mly

vV,

;;;&i@g% i% 3 iN
L ai i
G Emf 1’“‘” @

Each person s share of one. wafﬂ@ is
- Since'there afe 3 waﬁ B3, each parson
gets 3. r}f the 1 A% oy e{‘ a whaﬁe watfle.

Divide a Whole Number by a
Whole Number Having wes tat
divisian of a whale number by a
whols numiies; e 5 4 3, 18 the
samir-as muliplying the numder
by & anit fraction, ; 24, ghay now

‘extend thsame reasoning 1o

division of a unit traction
by & yahiode nmber, %t‘%ifit; foor

iﬂxampig!!»ai% L M{ g ;g‘

Alsey, thay resson that slive thers

are f portions of % i 1, thore nast
bed ~ find, and o3 + j} ]
= 18,




Divide a Unit Fraction by a Whole Number A real world situation and
visual model are used to develop the idea of dividing a unit fraction by
a whaole number. Specifically, students consider ‘the case of 3 1+ 5, This
can be interpreted as the question: If we divide 4 3into 5 parts how
big is sach part? The diagram below shows dmded into 5 parts:

Liiii] | |

To find the size of each part, we need to divide the other two
thlrds into fwe parts, which Is like multiplying by Each part is v,fg
S0, +5 =1

Real World Problems Students use
story problems to make sense of

division prablems:

How much chocolate will gach
parson get if 3 people share
11b of chocolate equally? How
many 1-cup servings are in

2 cups of raising?

Ehies

In general, Tor any unit {ractlon 5 and any whole number w that is

RNV N L
greaterthan orequalto 1, 5+ w =5 =

Real World Problems In Lesson 11, students describe real world

situations and draw diagrams to represent division problems. They
also solve division word problems by writing and solving equations,

in Lesson 12, students solve mixed multiplication and division word
problems. For some problems, students must determine the operation
and predict the size of the result before computing.

Lesson 13 reviews ail four fraction operations.

. | Lesson
Focus on Mathematical | oo

Practices

The Standards for Mathematical Practice are included in every lesson
of this unit. However, there is an additional lesson that focuses on
all eight Mathema’cical Practices In this 1esson students expiore a pie




